3rd lecture
The phenomenon of the electric induction: charge separation in conductors
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Conservation of the charge separation

Experiment: two electrometers connected with a conducting wire. 

1)When a positively charged glass rod is placed near to one of the electrometers both electrometers indicate that they are charged. Obviously electrons move to the electrometer which is close to the glass rod, because the negative electrons are attracted by the positive charge of the glass rod. This way the electrometer close to the glass rod will be charged negatively and the electrometer indicates that negative charge.  At the same time electrons are missing from the other electrometer. Consequently this other electrometer is positively charged. This charge separation caused by an outer electric field in electric conductors is called electric induction. 

We can support the interpretation of the above experiment with the following further experiments: 

 2) When we remove the glass rod from the neighborhood of the electrometers then both electrometers become discharged. Explanation: electrons from the negatively charged electrometer move to the positively charged electrometer along the conducting wire connecting the two electrometers.

3) We repeat the first experiment with the glass rod charging one electrometer negatively and the other one positively. In this case, however, we remove the wire which connected the two electrometers before removing the glass rod. (To this end the conducting wire has an insulating handle. We have to move the wire with the handle, because we must not touch the wire with our hands as our body is also a conductor and would lead all the charge to the ground.) Now, if we remove the charged glass rod, both electrometer remains charged. Explanation: In this case the electrons cannot move from one electrometer to the other because the conductive bridge is missing.

4) Finally, if we now connect the two electrometers, which remained charged in the experiment 3), then they become discharged again indicating that the sign of their charges was opposite. 

The above experiments show that by separating an electric conductor which is under the influence of electric induction into two pieces (or removing the connection between them)  the charge separation caused by the electric influence can be conserved.

The global form of the first law of electrostatics


We have seen in the last but one paragraph that the total number of E lines starting from a charge Q, what is the flux of E for a closed surface, can be written in the following form: 
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If we multiply both sides of the above equation with ε0 and we also regard that in vacuum 

D = (0E
Then we obtain the first law of electrostatics:
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Later on we will see that this first law is valid in the same form not only in the vacuum, but also in an insulator containing dipoles, that is the equation is valid a material medium also, when  D = (0E + P. When the charge Q is not a so called point charge, but it is distributed in the space continuously, then the charge Q in the volume V can be calculated in the following way 

Q = 
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where ( is the electric charge density (which will be discussed later). Thus we obtain the formula
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which is the global form of the fourth Maxwell equation. 

Measurement of the electric displacement (or electric induction) D 

with a pair of conductor disks (pancake frying pans or fry pans)


The electric field has two important properties, which can be measured in separate experiments. One property of the field is its ability to exert force on a test charge. This property can be used to measure the electric field strength E as it was discussed earlier. Another property of the electric field is its ability to separate charges in a conductor. This property can be applied to measure the electric induction (or displacement) vector D in the following way. 


Let us take 2 conductor (e.g. metal ) disks equipped with some insulating handles (we may call these disks as “fry pans”). At the beginning these two conductors be in contact with each other, this way they can be regarded as a single conductor. If we place this device into an electric field then electric induction will separate the charges in this conductor. That charge separation – or at least a part of it - can be conserved if we separate the two fry pans. The separated fry pans now can be removed from the electric field, and the conserved charge can be measured on each fry pan. As the absolute value of the positive and the negative charge should be the same, it is enough to determine only one of them.

The optimum yield of the positive and negative charges can be achieved when the fry pans are perpendicular to the field before they are separated. (If the fry pans are not perpendicular to the electric field, then the borderline between the induced positive and negative charges will not coincide with the borderline of the two fry pans. This way the positive fry pan will also contain some partial negative charge and the negative fry pan some positive charge and the absolute value of the charge on a separated fry pan will be less than the possible maximum. Thus to achieve a maximum charge for a given D field with a given fry pan they should be mutually perpendicular.) 

Now, after the charge separation, we can measure the charge Q e.g. on the positive frypan. If the frypan was perpendicular to the field then this is the total induced positive charge. When this charge is still in the electric field (and the two fry pans are still in contact) we can surround this charge with a virtual closed surface. (A part of this surface will be inside the conductor where the field is zero.) Now we can write the first law of electrostatics as 
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If the field of the electric induction D is homogeneous then
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(If D is inhomogeneous then we have to use a smaller fry pan where the approximation D(constant is valid) Let us imagine a closed surface A which surrounds the charge Q and consists of basically two surfaces. One is very close to the surface of the fry pan but it is inside, the other is also close to the surface but it is outside of the metallic material of the fry pan. The surface integral has two terms: one for the inner and one for the outer surface. (Actually, to have a closed surface of a very short cylinder we have to connect the outer and inner surfaces with a tiny curved one. The contribution of this little curved surface to the surface integral can be neglected, however.) The surface integral for the inner surface is zero, because D is zero inside the metal. As we know that the fry pan has a plain surface A thus the integral of the small elementary surfaces dA is A we can write 

D(
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If the fry pan was perpendicular to D, then

D(A = D(A,

thus according to the first law of electrostatics

D(A=Q.

Consequently  D, the absolute value of D can be calculated 

D = Q/A.

The direction of D can be determined from the direction, where the induced charge on the frypan is maximum. In this case the direction of D is perpendicular to the fry pans and points from the negative frypan to the positive one. (This is because the field between the connected frypans is zero: the original D field is compensated by the D field of the induced charges.)


Naturally, in the vacuum, if we know E and (0 then D can be calculated as

D = (0E.

Thus in the vacuum it is not important that we are able to measure D and E independently. This is important, however, in an insulator medium. In that case  

D = (0E + P,

and P can be determined from the independently measured E and D values. How can  E and D be measured in an insulator medium will be discussed later.

The electric charge density. The first law of electrostatics in local form

The electric charge density can be defined in an analogy to the well known mass density:

(MASS =  
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(CHARGE=
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As it was shown the global form of the first law of electrostatics (which is in fact the global form of the fourth Maxwell equation):
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The surface integral can be transformed to a volume integral with the help of the Gauss’ theorem:
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thus
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which gives the local form div D = (, because the above relationship is valid for every V.

The electric voltage and the electric potential

The electric voltage

Definition of the electric voltage as a line integral from the starting point A to the end point B:

UAB= 
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Meaning (explanation) of the electric voltage: it is the work WAB done by the electric field  between the starting point A and the end point B on the test charge QT divided by QT (that is the work is normalized to the unit charge):

UAB= WAB/QT.
The concept of work is well known from Mechanics:

WAB = 
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where 

FT = E( QT .

If we substitute WAB and FT into the the formula UAB= WAB/QT then we obtain the definition.

The unit voltage 1 Volt (1 V) when the work done by the electric field is 1 Joule (1 J = 1 N(m) on the unit charge 1 Coulomb (1 C= 1 A(s ). Thus 

1 V = 1 J/C.
We know that the SI unit of the electric field strength is N/C. As  V= N(m/C ( V/m=N/C we can see that N/C or V/m are equivalent units of the electric field strength.

We have to emphasize that the electric voltage in might depend not only on the position of the satrting point A and the end point B  but also on the path leading from A to B. Thus it is possible that the voltage along two different paths are different even they start from the point A and arrive to the same point B. 


In the case of a homogeneous electric field E the voltage UAB is easy to calculate:

UAB= 
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If the displacement vector is parallel with the homogeneous electric field then the UAB voltage is simply a product of the electic field strength and the displacement:

UAB= E((r.
As we can see in a homogeneous field the voltage depends on the position of initial and the end point (rA  and  rB respectively) but does not depend on the path connecting these points.

It is important to remember, however, that this is not the case for all electric fields.

The global and local forms of the second law of electrostatics


The electrostatic field is free of vortices: there are no closed E lines in such a field.  This is the second law of electrostatics. In global form this statement can be written as 
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To prove this we can use Coulomb’s law again. Let us calculate the work of the electric field established by the point charge Q, while a test charge QT moves from point A to point B in such a field. The work can be calculated as 

WAB = 
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We have already calculated the field  E established by the point charge Q from Coulomb’s law, which has the following form:
E = 
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Next we can substitute the above expression to calculate UAB:

UAB = 
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The main problem here, whether UAB is be a function of rA  and  rB only, or it depends on the path as well? Let us assume that the initial point A is on the surface of a sphere with radius RA and the end point B is on another sphere with radius RB. (These are concentric spheres with charge Q in their center.) Then we can write
UAB = 
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It is important to realize here, that
er(dr = dR

for all dr displacements. (An illustrative Figure should be included here.) Thus the integral can be calculated as follows:

UAB = 
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The result show that the voltage in the field of a point charge is independent of the path: it depends on the starting and the end point only (e.g  on RA and RB) . This means that  

UAB = -UBA
and 
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This result proves the first law of electrostatics for the field of a point charge. As all electrostatic fields, however, are estabilished by discrete charges or by continuous charge distributions and these fields can be regaded as superposition of fields generated by point charges. Consequently the second law of electrostatics should be valid for all electrostatic fields.

The closed path integral in the global form of the second law of electrostatics 
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can be transformed to a surface integral with Stokes’ theorem:
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As the above surface integral is valid for arbitrary surfaces we can conclude that
rotE =0,

which is the local form of the second law of electrodynamics.
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